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We present the detailed calculation of the infinitesimal operators and  
the boson operators for SU (3) in Cartan-Weyl basis. They have been  
used extensively as theoretical models for particle physics. We make  
a comparison between them, and find infinitesimal operators need  
modification to satisfy Cartan-Weyl basis. We also show the commutation 
relations and root vectors of the bases of SL (3,c), which displays the  
concise appearance and the similarity with SU (3). 
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I. INTRODUCTION 
 
For two decades, q-deformed boson operators have been applied to Hopf algebra 
extensively1-3, which solves Yang-Baxter equation for many research fields such as 
lattice statistical mechanics, integrable quantum field theory etc. Therefore we should 
understand the foundation thoroughly. In this report, we present the detailed 
calculation of commutation relations for both the boson operators and infinitesimal 
operators for SU(3) to see how they fit in Cartan-Weyl basis4. We make modification 
for infinitesimal operators, as Gell-Mann did5, for Cartan-Weyl requirements. The 
work of ),3( cSL  is also displayed due to its concise appearance and the similarity 
with SU(3). 
 
II. CALCULATION 
 
Cartan-Weyl basis requires  
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There are eight infinitesimal operators for SU (3) as follows: 
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The commutation relations are calculated as follows: 
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Eight boson operators, which corresponding to infinitesimal operators, are given by 
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The commutation relations are calculated as follows: 
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−=

=
+++++
++++
++++++
 
[ ]
( ) ,0
6
1
6
1,
6
1,
31323231
3231
=−=


=
++++
++
−
CCCCCCCC
CCCCEE βα
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[ ] ( )
( ) ( ){ }
{ }
{ }
[ ] ( )
( ){ }
{ }
{ }
[ ] [ ]
[ ] ( )
( ) ( ){ }
{ }
,
6
1
6
1
1
6
1
6
1
6
1,
6
1,
,0
6
1
6
1,
6
1,
,
2
120
66
1
22
66
1
22
66
1
2
6
1,
6
1,
,
32
1
26
1
26
1
26
1
32
1,
6
1,
12
33121233
133232133213
132323132313
3131
313331312231311131
2132131
321312
31
312231311131
31212131
21311
γ
βα
βα
α
α
α
α
−
+
++++
++++++
−−
++++++
−
++
++++++
+
+
+
++++
++
+
−=
−=
+−=
−=

=
=−=

=
−=−+−=
+−−+−=
−+−−+=


 −+=
−=−=
+−−=
−−−=


 −=
E
CC
CCCCCCCC
CCCCCCCCCCCCEE
CCCCCCCCCCCCEE
ECCCC
CCnnCCCCnnCCCCnnCC
nnnnnnCC
nnnCCHE
ECC
CCnnCCCCnnCC
CCnnnnCC
nnCCHE
 
[ ] ( )
( ) ( )( )
{ }
{ } ,
32
1
26
1
26
1
26
1
32
1,
6
1,
13
132213131113
13212113
21131
α
α
−
+
++++
++
+
−
==
+−−=
−−−=


 −=
ECC
CCnnCCCCnnCC
CCnnnnCC
nnCCHE
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[ ] ( )
( ) ( ){ }
{ }
{ } { } ,
2
12
6
12
66
1
22
66
1
22
66
1
2
6
1,
6
1,
3113
133313131113
1332132113
321132
ααα
α
−−−
++
++++
++
+
−
=+=+=
+−−=
−+−−+=


 −+=
EEECCCC
CCnnCCCCnnCC
CCnnnnnnCC
nnnCCHE
 
[ ] { }
( ) ( ){ }
{ }
{ } { } ,
2
1
32
1
6
111
6
1
1
6
1
11
6
1
6
1
6
1,
6
1,
21232233
332222332233
33222233
233232233223
HHnnCCCC
CCCCCCCCCCCC
CCCCCCCC
CCCCCCCCCCCCEE
−=−=−−−=
−+−−=
−+−=
−=

=
++
++++++
++++
++++++
−ββ
 
[ ] ( )
( ) ( )( )
{ }
( ){ } ,
32
1
26
1
26
1
26
1
26
1
32
1,
6
1,
2322223
232223231123
23212123
21231
β
β
ECCCnnCC
CCnnCCCCnnCC
CCnnnnCC
nnCCHE
−=−=+−=
+−−=
−−−=


 −=
++
++++
++
+
 
[ ] ( )
( ) ( ){ }
{ }
{ } ,
2
12
66
1
22
66
1
22
6
1
2
6
1,
6
1,
3223
233323232223
2332132123
321232
β
β
ECCCC
CCnnCCCCnnCC
CCnnnnnnCC
nnnCCHE
=+=
+−−=
−+−−+=


 −+=
++
++++
++
+
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[ ] ( )
( ) ( )( )
( ){ }
{ }
[ ] ( )
( ) ( ){ }
{ }
( ){ }
[ ] ( ) ( )
.0
2
6
1,
32
1,
,
2
1
66
3
2
66
1
22
66
1
22
66
1
2
6
1,
6
1,
,
32
1
26
1
0
26
1
26
1
26
1
32
1,
6
1,
3212121
32
3232
323332322232
322132132
321322
32
322322
322232321132
32212132
21321
=


 −+−=
−=
−=
−+−=
+−−=
−+−−+=


 −+=
=
=
+−=
+−−=
−−−=


 −=
−
+
++
++++
++
+
−
−
+
++
++++
++
+
−
nnnnnHH
E
CC
CCCC
CCnnCCCCnnCC
CCnnnnnnCC
nnnCCHE
E
CC
CCnCnC
CCnnCCCCnnCC
CCnnnnCC
nnCCHE
β
β
β
β
 
 
III. RESULTS 
 
   The commutation relations of infinitesimal operators and corresponding boson 
operators are listed as below. 
 
[ ] [ ] 1721 31,2 HEEXiX,X == −γγ  
[ ] [ ]
[ ] [ ] βαγ
αγ
EEEXiX,X
EEXiX,X
6
1,
0,
541
631
−=−=
=−=
−
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[ ] [ ]
[ ] [ ] αΕEEXiX,X
EEXiX,X
6
1,
0,
361
451
=−=
=−=
−βγ
βγ
 
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ] 0,0 3
1,2
0,
6
1,
0,
6
1,
0,0
3
1,2
282
1172
462
352
642
532
281
1271
==
==
==
−=−=
=−=
==
==
−=−=
−
−−
−−
−−
−−
−−
HEX,X
ΕHEXiX,X
EEXiX,X
ΕEEXiX,X
EEXiX,X
ΕEEXiX,X
HEX,X
ΕHEXiX,X
γ
α
β
γ
γ
γ
βγ
βγ
αγ
αγ
γ
γ
 
[ ] [ ]
[ ] [ ]
[ ] [ ] 0, 6
1,
2
1
32
1,3
163
253
218743
=−=
=−=
+=+=
−
−
βα
βα
αα
EEXiX,X
ΕEEXiX,X
HHEEXiXiX,X
γ  
[ ] [ ] αα EHEXiXX 32
1,, 1473 −==  
[ ] [ ] αα EHEXXX i 2
1,3, 2483 −=−=  
[ ] [ ]
[ ] [ ] γβα
βα
−−−
−
=−=
=−=
EEEXiXX
EEXiXX
6
1,,
0,,
264
154
 
[ ] [ ]
[ ] [ ] αα
αα
−−
−−
==
==
EHEXiXX
EHEXiXX
2
1,3,
32
1,,
2384
1374
 
[ ] [ ]
[ ] [ ] ββ
ββ
EHEXiXX
HHEEXiXiXX
32
1,,
2
1
32
1,3,
1675
218765
−=−=
−=+−= −
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[ ] [ ]
[ ] [ ] ββ
ββ
−− =−=
=−=
EHEXiXX
EHEXiXX
32
1,,
2
1,3,
1576
2685
 
[ ] [ ]
[ ] [ ] 0,0, 2
1,3,
2187
2586
==
−== −−
HHXX
EHEXiXX ββ  
 
Root vectors α, β, γ   for the infinitesimal operators and boson operators 
 X1  (-2,0)           γ     (- 0,
3
1 )                   
  X2  (2,0)          -γ      )0,
3
1(                 
  X3  (1,- 3 )        α     )2
1,
32
1( −−  
  X4  (1, 3 )        -α     )2
1,
32
1(    
  X5  (-1,- 3 )        β     )2
1,
32
1(−  
  X6  (-1, 3 )        -β     )2
1,
32
1( −  
 
IV. COMPARISON AND MODIFICATION 
 
From above calculated results, we found the boson operators meet all the 
requirements of Cartan-Weyl basis. However the infinitesimal operators do not satisfy 
the equation (4). For instance, [ ] 451 , iXXX −= , which is supposed to be zero 
according to the addition of root vectors. The contradiction is probably due to the 
nature of matrix multiplication, which results nonzero product for matrix with these 
forms. Gell-Mann introduced the combination of bases such 
as 654321 ,, iXXiXXiXX ±±± , which are no longer elements of SU(3). By choosing 
these combination bases, one can see that they are exactly the infinitesimal operators6 
of ),3( cSL . All the requirements of Cartan-Weyl basis are satisfied. Because 
),3( cSL  displays the instructive information about the root vectors, we present here 
for comparison with different and normalized 7X  later.  
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







=








=








=








−=
000
000
100
000
100
000
000
000
010
000
010
001
1
γ
β
α
E
E
E
H
              








=








=








=








−
=
−
−
−
001
000
000
010
000
000
000
001
000
100
010
000
2
γ
β
α
E
E
E
H
 
 [ ]
[ ] [ ] αααα −− −==
=
EEHEHH
HH
2,2,
0,
11
21
 
 
[ ] [ ]
[ ] [ ] ββββ
αααα
−−
−−
=−=
=−=
EEHEEH
EEHEHH
,,
,,
11
22
 
[ ] [ ]
[ ] [ ]
[ ] [ ] γγγγ
γγγγ
ββββ
−−
−−
−−
−==
−==
−==
EEHEEH
EEHEEH
EEHEEH
,,
,,
2,2,
22
11
22
 
[ ]
[ ] 2
1
,
,
HEE
HEE
=
=
−
−
ββ
αα
 
[ ] 21, HHEE +=−γγ  
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[ ] [ ]
[ ] [ ]
[ ] [ ] 0,0,
0,0,
,,
==
==
−==
−−
−−
−−
γαγα
αββα
γβαγβα
EEEE
EEEE
EEEEEE
 
[ ] [ ]
[ ] [ ]
[ ] [ ] βαγβγα
αβγαγβ
γβγβ
EEEEEE
EEEEEE
EEEE
−=−=
==
==
−−−
−−−
−−
,,
,,
0,0,
 
)1,1()1,1(
)2,1()2,1(
)1,2()1,2(
−−
−−
−−
−
−
−
γγ
ββ
αα
EE
EE
EE
 
 
One notices that there are two different vector lengths and if we draw the diagram 
of these vectors, the symmetric axis of the diagram is yx = . We now choose the 
different basis for 7X , as Gell-Mann did, and normalize it. 
 








−
=
200
010
001
3
1
7X  
 
We obtain the Gell-Mann’s root vectors  
 
X1  (2,0)  
X2  (-2,0)   
X3  (-1, 3 )  
X4  (1,- 3 ) 
X5  (1, 3 ) 
X6  (-1,- 3 ) 
 
The equation (4) is satisfied, and it is used successfully in quark model. It’s marvelous 
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to learn that the two different sources, infinitesimal operators and boson operators, 
demonstrate the same Cartan-Weyl basis.    
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